Abstract We analyze the properties of a single impurity immersed in a Fermi sea. At positive energy and scattering lengths, we show that the system possesses a well-defined but metastable excitation, the repulsive polaron, and we calculate its energy, quasiparticle residue and effective mass. From a thermodynamic argument we obtain the number of particles in the dressing cloud, illustrating the repulsive character of the polaron. Identifying the important 2-and 3-body decay channels, we furthermore calculate the lifetime of the repulsive polaron. The stability conditions for the formation of fully spin polarized (ferromagnetic) domains are then examined for a binary mixture of atoms with a general mass ratio. Our results indicate that mass imbalance lowers the critical interaction strength for phase-separation, but that very short quasiparticle decay times will complicate the experimental observation of itinerant ferromagnetism. Finally, we present the spectral function of the impurity for various coupling strengths and momenta.
Introduction
Ultracold gases provide a powerful system to study manybody effects in quantum systems [1] . In particular, mixtures of fermionic gases close to a Feshbach resonance represent systems where the interactions may be tuned at will, becoming strongly correlated in the unitarity limit [2] . Experimentally, it is possible to control the number of atoms in various hyperfine states, the temperature and the dimensionality of the system. Moreover, heteronuclear Fermi-Fermi mixtures has recently become available in various laboratories [3, 4, 5, 6, 7] , opening new exciting research possibilities.
A two-component Fermi gas with equally populated components and attractive interactions gives rise to rich physics related to the cross-over between a BCS superfluid and a Bose-Einstein condensate (BEC). In the opposite limit of extreme polarization which corresponds to a few impurity atoms diluted in an otherwise ideal Fermi sea, one obtains instead a realization of Fermi polaron physics [8] . In three dimensions one can get a quantitative description of highly polarized systems using a one particle-hole wavefunction [2] . In lower dimensions, higher orders in this hole expansion are needed to take into account the increasing role of quantum fluctuations [9, 10, 11, 12] .
It is of great interest now to investigate the region of parameters where atoms experience repulsive interactions. Indeed, as one increases the repulsion between two distinguishable fermionic gases it is predicted that the system should undergo a transition from a mixed phase to a state characterized by spatially-separated, polarized domains. More than 70 years after the original proposal of Stoner [13] , the transition towards itinerant ferromagnetism (IFM) is not fully understood, nor conclusively demonstrated experimentally. Even though the first experimental results hinting at such transition have been recently reported [14] , their interpretation is still object of intense debate [15, 16, 17, 18] .
In this paper we study a single ↓ impurity atom immersed in a Fermi sea of ↑ atoms in 3D using a holeexpansion. The ↑ − ↓ interactions are assumed to be tunable by means of a broad Feshbach resonance. The spectral function of the impurity is shown to exhibit two distinct quasiparticle peaks. The high energy peak corresponds to the lowest repulsive (scattering) state of a Feshbach resonance on the BEC side with positive scattering length a. We refer to this quasiparticle state as the repulsive polaron, and we calculate its energy, effective mass, and residue as a function of interaction strength and impurity mass. A good level of confidence over our findings is ensured by analytic checks in the limits of weak coupling and infinite impurity mass. We also calculate the number of majority atoms in the screening cloud of both the repulsive and the attractive polarons, by means of a thermodynamic argument. The decay rate of repulsive polarons is then analyzed by considering the relevant 2-and 3-body decay processes. We switch to considering the stability conditions for a perfectly ferromagnetic state, showing that mass imbalance favors ferromagnetism. However, we find that the corresponding quasiparticle lifetimes are too short to permit the experimental observation of fer-romagnetism in universal Fermi-Fermi mixtures. Finally, we plot the spectral function of the impurity as a function of momentum and interaction strength, and we discuss its connection to radio frequency (rf) spectroscopy.
Formalism
An accurate characterization of attractive polarons can be obtained in terms of the following variational ansatz [19] 
where a kσ annihilates a fermion of species σ with momentum k. The ansatz describes an impurity ↓ with momentum p in a Fermi sea |FS of ↑ particles, dressed by particle-hole pairs. The energy and effective mass given by this variational ansatz compare very well with both Monte-Carlo (MC) simulations [20] and experiments [8] .
Diagrammatically, the polaron properties are given in terms of the retarded self-energy Σ of a single impurity of mass m ↓ in a Fermi sea of particles with mass m ↑ and density
2 . The minimization of the energy based on the ansatz (1) is identical to a diagrammatic calculation of the polaron properties within the ladder (or "forward-scattering") approximation [21] . At T = 0, the latter yields
(2) with m r = m ↑ m ↓ /(m ↑ + m ↓ ) the reduced mass of a ↑↓ pair and T 0 = 2πa/m r the zero energy vacuum scattering matrix. We have defined ∆ p+q,k = ↑k − ↑q + ↓p+q−k 3 and set = 1. In Fig. 1 we plot the spectral function
as a function of interaction strength 1/k F a and energy E for an impurity with momentum p = 0 for the equal masses case m ↓ = m ↑ . At small momenta, the spectral function is strongly peaked at energies satisfying
For positive scattering lengths, this self-consistent equation has two solutions. The lower branch at energy E − < 0 corresponds to the well known attractive polaron investigated experimentally in Ref. [8] . Although the attractive polaron is undamped in the ladder approximation, it is in fact unstable towards decay into a molecule, two holes and a particle for 1/k F a 0.9 [20, 22] . The energy of a p = 0 molecule in the deep BEC limit 1/k F a 1 is with m 3 and a 3 the atom-dimer (↑ − ↑↓) reduced mass and scattering length [23] . To describe the decay into the molecule-hole continuum, it is necessary to go beyond the ladder approximation and include more particle-hole excitations [24] . Including such processes moves the threshold of the molecule-hole continuum, visible in Fig. 1 as a broad peak between the two polaronic branches, down in energy all the way to the yellow dashed line, yielding a non-zero width to the attractive polaron peak for 1/k F a 0.9.
The upper peak of the spectral function at energy E + > 0 corresponds to the repulsive polaron. This excited state has a finite width coming from the decay into the lower-lying excitations. The decay rate Γ will be analyzed in detail in Sec. 5. The repulsive polaron is well defined as long as its decay rate is much smaller than its energy, Γ/E + 1. In the rest of the paper, we mainly focus on the quasiparticle properties of the repulsive polaron. Its quasiparticle residue is defined as
and its effective mass as
3 Energy, residue and effective mass of the repulsive polarons
The energy of an infinitely massive impurity interacting repulsively with the surrounding Fermi gas may be calculated by means of the Fumi theorem [25, 21, 9] . We find
where y = 1/k F a which is depicted as a red dash-dotted line in Fig. 2 . At resonance, an infinitely massive impurity has the energy F /2. For a generic mass ratio, the polaron properties may be calculated analytically in the weak coupling limit k F |a| 1 as an expansion in powers of k F a [26] . One finds for the polaron energy
and
We stress here that the expansion is valid for both k F a → 0 ± , i.e., for the repulsive as well as the attractive polaronic branches. For equal masses lim α→0 F (α) = 1/π 2 , and one recovers the known result
In the strongly-interacting regime, we calculate the energy E + of the repulsive polaron numerically from Eq. (4). Our results are shown in Fig. 2 for various mass ratios, corresponding to experimentally relevant mixtures of 6 Li, and 40 K atoms [3, 4, 5, 6] . For k F a 1, we find good agreement with both the analytic result Eq. (11), and with the MC results of Ref. [17] for an attractive square well. For larger values of k F a, the diagrammatic results lie below the MC results. The discrepancy may be explained by the fact that the MC results, obtained through a variational approach, are strictly an upper bound to the energy. Also, it could be due to particle-hole processes ignored by the ladder approximation. We note that in the limit of a heavy impurity, our results approach the exact result (8) providing further evidence of the accuracy of the ladder approximation in the limit of strong polarization. The energy for equal masses agrees with the one found in Ref. [16] , which obtained the real part of the energy using the variational ansatz (1). From Fig. 2 , we see that quasiparticles formed by light impurities have larger energies.
The effective mass m * + , and the quasiparticle residue Z + of the repulsive polaron are plotted in Fig. 3 . In the BEC limit we have Z + → 1, whereas it rapidly decreases in the strongly-interacting regime 1/k F |a| 1. Note that the residue Z − of the attractive polaron, which is also plotted in the inset of Fig. 3 , has the opposite behavior: it approaches unity in the weak coupling BCS limit k F a → The infinite mass result is obtained from (8) . For equal masses we plot also the weak-coupling limit Eq. (11) (thin green line), and the MC results for square well potentials of Ref. [17] (symbols). 0 − , and it decreases rapidly in the BEC limit k F a → 0 + . The sum of the two residues is very close to unity for all interaction strengths. The effective mass of the positive polaron reduces to the bare impurity mass m ↓ in the BEC limit, and it rises rapidly for 1/k F a → 0 as the polaron gets increasingly dressed by particle-hole pairs, eventually becoming infinite in the vicinity of the resonance. In the weakly-interacting limit, one has an analytic expression for the effective mass for a generic mass ratio [26] , 
Number of particles in the dressing cloud
To obtain a better understanding of the polaron wave function, we now calculate the number ∆N of majority atoms in its dressing cloud using a thermodynamic argument [27, 9] : ∆N is obtained by requiring that the density of the majority atoms far away from the impurity remains unchanged when adding one impurity. This corresponds to a constant chemical potential µ ↑ for the majority atoms giving
where ε(n ↑ , n ↓ ) is the energy density of a gas, and n ↑ and n ↓ are the particle densities. Solving for ∆N , we find
where we have used µ ↑ ≈ F in the last equality. Numerical results for ∆N obtained from −∂E/∂ F for the case of equal masses are presented in Fig. 4 for both the repulsive and the attractive polaron. We see that ∆N < 0 for the repulsive polaron, which corresponds to the majority atoms being pushed away as expected. The effect increases with increasing interaction strength. Likewise, the attractive polaron pulls in the majority atoms giving ∆N > 0. The ansatz (1) becomes increasingy accurate for both polaronic states as k F a → 0 and E ± → 0. In this limit one can even obtain an analytic expression, differentiating Eq. (11) to obtain
We see however that the number of majority atoms dressing the attractive polaron does not increase monotonously with increasing attraction going towards the deep BEC limit where E − → −∞. This surprising result is due to the breakdown of the ansatz (1) for the attractive polaron in the BEC limit. Here the real ground state is the molecule with energy given by Eq. (5). Taking its derivative, we find
with r = m ↓ /m ↑ which is also plotted in Fig. 4 . So even though the wave function (1) yields an energy rather close to the correct molecule energy in the BEC limit, it predicts a qualitatively wrong result for the associated number of particles in the dressing cloud, of approximatively 0.5. On the contrary, ∆N for the molecule correctly approaches unity. A similar but even stronger effect occurs in 2D [9] .
Decay rate of the repulsive polaron
The calculation of the lifetime of the repulsive polaron is a complicated task, since it requires the self-energy to contain the correct low energy states into which the polaron can decay. In the quasiparticle picture, these states are the attractive polaron and the molecule-hole continuum.
Neither of these decay channels are included in the nonselfconsistent ladder approximation given by (2), which only contains the non-interacting ↓ Green's function. This could be remedied by using self-consistent Green's functions in the self-energy. We take here a more pragmatic and much simpler approach, which contains the relevant physics for the decay; it is based on pole expansions of the interacting impurity and molecule Green's functions.
2-body decay:
In the simplest process, a repulsive polaron decays into an attractive polaron, scattering a majority particle out of the Fermi sea. To describe this 2-body decay channel, we use the fact that the impurity Green's function can be approximated as
in the vicinity of each pole E ± . Replacing the bare ↓ Green's function with G − ↓ inside the self-energy given by Eq. (2), we find a zero momentum repulsive to attractive polaron decay rate given by
with
− the kinetic energy of the attractive polaron. In the BEC limit, we can expand (19) in k F a obtaining
We have defined 1/m * r = 1/m ↑ + 1/m * − , ∆E P P = E + − E − , and used that ∆E P P F . Since in the BEC limit ∆E P P 1/m r a 2 , the decay rate into the lower polaron scales as Z − (k F a)(m * r ) 3/2 . Note that Eqs. (19)- (20) should be used only when the attractive polaron is a well-defined excitation with positive effective mass, i.e. for (k F a) −1 3 for equal masses. For simplicity, both analytical and numerical results are plotted in Fig. 5 assuming m * r = m r . 3-body decay: The upper polaron can also decay via a more complex process, forming a molecule with one ↑ particle, and scattering another out of the Fermi sea. This 3-body channel can be described using self-energy terms which contain two holes and a molecule propagator approximated by the pole expansion
From a calculation analogous to the one presented in Ref. [24] , we find a zero-momentum polaron-to-molecule decay rate given by
where ∆E P M = E + − E M . In the BEC limit where the molecule energy is −1/2m r a 2 , one finds that the threebody decay scales as (k F a) 6 . In Fig. 5 we plot the decay rates for a zero momentum repulsive polaron via the 2-and 3-body processes given by Eqs. (18) and (22) . As expected, the 2-body decay is much faster than the 3-body decay [28] . We see that the perturbative result (20) agrees with the full numerical calculation in the BEC limit. The decay rate obtained from the self-energy (2) containing bare ↓ propagators, Γ bare = −Z + Im[Σ(p = 0, E + )], is also plotted. Although Γ bare does not contain the correct physics to describe the decay of the repulsive polaron, we see that it yields a damping rate which is comparable to the correct one.
The decay rate is small compared to F for 1/k F a 1, showing that the repulsive polaron is a well-defined quasiparticle in the BEC limit. Approaching unitarity Γ rapidly increases, and eventually the repulsive polaron becomes ill-defined. This behavior is reflected in the effective mass and the quasiparticle residue, which respectively diverge and vanish in this region. From Figs. 2-5 , we conclude that the effects of the interaction increase with decreasing impurity mass. This is as expected, since the interaction enters in Eq. (2) in the combination 2πa/m r , implying that lighter particles are scattered more effectively.
Stability of the itinerant ferromagnetic phase
In presence of strong repulsive interactions, the mean field argument of Stoner indicates that a two-component Fermi gas should undergo a transition to a state characterized Figure 5 . Decay rate Γ of the upper polaron. Thick lines represent the dominant two-body contribution Γ P P , given by Eq. (18), for mass ratios r = 6/40 (dashed), 1 (continuous), 40/6 (dotted). For equal masses we plot also as thin blue lines: the weaker three-body recombination process into atom+molecule, Eq. (22) (dashed), the decay rate into bare impurities Γ bare (dash-dotted), and the BEC limit of Γ P P , Eq. (20) (dotted).
by spin polarized domains [13] . This transition is not fully understood and has not yet been realized experimentally in an unambiguous way. The case of equal masses and populations has been analyzed in quite some detail theoretically. Predictions for the critical interaction in this case range from the mean field result k F a = π/2, to the values of k F a 1.02 and 0.8 obtained respectively by second order perturbation theory [29] and by variational Monte Carlo [17] . Recently, experimental indications of a phase transition to a ferromagnetic state were reported in an atomic gas for k F a 1.9 [14] which has caused much interest. One complicating factor is that the itinerant ferromagnetic phase (IFM) competes with a pairing instability [18] .
We discuss here the conditions for a fully ferromagnetic phase consisting of domains with complete spin polarization for a binary mixture of atoms with general mass ratio. Ferromagnetism of mass-imbalanced mixtures has recently been examined in the mean-field approximation valid for weak coupling [30] . Here, we use the results obtained in the previous sections, which should be accurate even for strong interactions, to analyze the stability of the fully separated phase. In this phase, all ↑ particles reside in the phase (↑) with Fermi energy F ↑ and all ↓ particles in the phase (↓) with Fermi energy F ↓ . At equilibrium, the pressure of the two phases must be the same: P (↑) = P (↓) . Since the two phases are ideal gases, we have P (σ) = 2n σ F σ /5 with n σ = (2m σ F σ ) 3/2 /6π 2 the density. The equilibrium pressure condition therefore gives (k ↑F /k ↓F ) 5 = m ↑ /m ↓ . The fully phase separated state is stable if it is energetically unfavorable to move a particle across the phase boundary, i.e. if where
+ is the energy of a single ↑ particle in the repulsive polaron state in the (↓) phase, and likewise for E (↓) + . Using the equilibrium pressure condition, these conditions can be written as
The completely phase separated state is favored only if both these two conditions are satisfied. They are plotted in Fig. 6 for various mass ratios. For equal masses, we find that a fully ferromagnetic phase is favored for 0 < 1/k F a 0.4, in agreement with the result in Ref. [16] . The mass imbalanced case is slightly more complicated. As an example, let us consider the conditions for a mixture of 6 Li and 40 K atoms to fully separate into a region of K atoms with Fermi energy F,K and a region of Li atoms with Fermi energy F,Li . The condition for the stability against K atoms to move across the phase boundary is E K + / F,Li > (6/40) 3/5 . From Fig. 6 , we see that this condition is fulfilled for 1/k F,Li a 0.7. Likewise, the stability against Li atoms moving across the phase boundary is
1.5, these two conditions essentially give the same critical value for the scattering length. Interestingly, the stable region for the ferromagnetic phase seems to be larger than for the equal mass case.
It is however important to consider the lifetime of the repulsive polarons in this argument. As discussed above, qrepulsive polaron become increasingly unstable towards decay as the coupling strength increases. The characteristic energy scale associated to the many-body effects is the majority Fermi energy, which is of order 10-50kHz in current experiments. Thus, in order to observe the formation of ferromagnetic domains one should require Γ/ F 1 in addition to Eq. (24) . For the case of equal masses, we find Γ/ F ∼ 0.5 at the critical interaction 1/k F a = 0.4, showing that the gas is strongly unstable towards decay into lower-lying excitations, in accord with the results of [18] for a balanced gas. Also for the Li-K mixture considered above, both decay rates of the heavy (K) and light impurities (Li) are of order the Fermi energy at the critical strength, signaling a strong instability of the IFM phase towards decay into lower excitations for unequal masses.
7 Spectral functions and rf spectrum
The single particle properties of the impurity can be probed with radio-frequency (rf) spectroscopy [31, 32, 33] . One can either flip the spin state of the impurity to a third state or flip a third spin state to the impurity state by a rf photon. A clearcut theoretical interpretation of rf experiments is in general hard since effects such as self-energies, pairing, and trap inhomogeneities have to be included. If there are significant interactions with the third state, the interpretation is complicated further by vertex corrections [34, 35, 36] . In the limit of a large impurity mass, analytical calculations indeed show that vertex corrections can change the rf spectrum qualitatively [37] . The theoretical analysis of rf spectroscopy is simplified considerably when there are only significant effects of the interactions between the impurity and the majority Fermi sea. In this case, the rf spectrum is determined by a sum over the spectral functions of the occupied states for the impurity [38, 39] . In Fig. 7 , we plot the spectral function (3) of the impurity for m ↓ /m ↑ = 1 as a function of interaction strength for two different momenta. These plots illustrate that the spectral weight of the quasiparticle peak of the attractive polaron decreases as the interaction is changed from the BCS to the BEC side of the resonance. The repulsive polaron on the other hand is only well defined on the BEC side. It could be interesting to see this transition of spectral weight from the attractive to the repulsive polaron quasiparticle peak with increasing interaction. It is presumably most easily done by using the non-interacting third state as an initial state so that the rf photon flips it into the impurity state. In this way one avoids complications due to thermal depletion and decay of the repulsive polaron branch.
Conclusions
We analyzed the metastable repulsive polaronic branch which appears at positive energies and scattering lengths for the case of an impurity in an ideal Fermi gas. The polaron energy, decay rate, effective mass, quasiparticle residue, and spectral function were calculated as a function of interaction strength and mass ratio. Those properties may be probed by radio-frequency spectroscopy. We used these results to derive conditions for perfect ferromagnetism for a binary mixture of atoms with a general mass ratio. Our results show that the transition towards itinerant ferromagnetism should happen at a weaker interaction strength in a mixture of unequal masses. However, short quasiparticle lifetimes seem to prevent the experimental observation of itinerant ferromagnetism in universal Fermi-Fermi mixtures.
